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Abstract For a smooth projective surface X the finite dimensionahty 
of the Chow motive h{X), as conjectured by S.I Kimura, has several 
geometric consequences. For a complex surface of general type with 
Pg = it is equivalent to Bloch's conjecture. The conjecture is still 
open for a K3 surface X which is not a Kummer surface. In this 
paper we prove some results on Kimura's conjecture for complex K3 
surfaces. If X has a large Picard number p = p{X),i.e p = 19,20, 
then the motive of X is finite dimensional. If X has a non-symplectic 
group acting trivially on algebraic cycles then the motive of X is finite 
dimensional. If X has a symplectic involution i, i.e a Nikulin involution, 
then the finite dimensionality of h{X) implies h{X) ~ h{Y), where 
F is a desingularization of the quotient surface X/ < i >.We give 
several examples of K3 surfaces with a Nikulin involution such that the 
isomorphism h{X) ~ h(Y) holds, so giving some evidence to Kimura's 
conjecture in this case. 

1. Introduction 

For a smooth projective variety X over a field k we will denote by 
the Chow group of codimension i cycles with rational coefficients 
and by Airat{k) the (covariant ) category of Chow motives with rational 
coefficients over the field k, which is is a Q-hnear, pseudoabelian, tensor 
category. 

An object M G Airat{k) is of the form M = {X,p,m), where X is 
a smooth projective variety over k, p a correspondence in X x X 
such that p^ = p and m G Z. We will denote by h{X) the motive 
(X, Ax, 0), where is the diagonal in X x X. If X and Y are smooth 
(irreducible) projective varieties over k then 

HomM.,.,ikmX)My) = A^*'"^(X X Y) 

where A*{X xY) = CH*{X x F) ® Q. 
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We will consider a classical Weil cohomology theory H* with coeffi- 
cients in a field K of characteristic which induces a tensor functor 
H* : Mrat Vecf^j^ such that H\{X,p,m) = p*W-^"'{X,K) (see 
[KMP 1.4]. If char k = homological equivalence does not depend on 
the choice of H*. By replacing rational equivalence with homological 
equivalence we get the category A4homik) of homological motives. 
For an object M G Airat{k), one defines the exterior power A"M e 
■Mrat{k) ( and similarly in Aihom) and the symmetric power S^M . 
(see [Ki]). A motive M is finite dimensional if it can be decomposed 
as M = M"*" ® M~ with M+ evenly finite dimensional , i.e such that 
A"M = for some n > and M~ oddly finite dimensional, i.e such 
that = for n > 0. 

S.I.Kimura and O'Sullivan ( se [Ki]) have conjectured that all the mo- 
tives in M.rat{k) are finite dimensional. The conjecture is known for 
curves, for abelian varieties and for some surfaces: rational surfaces, 
Godeaux surfaces, Kummer surfaces, surfaces with pg = which are 
not of general type, surfaces isomorphic to a quotient (CxD)/ G, where 
C and D arc curves and G is a finite group. It is also known for Fano 
3-folds (see[G-G]). In all these known cases the motive h{X) lies in the 
tensor subcategory of M.rat{k) generated by abehan varieties. 
If M = h{X) is the motive of a surface then the finite dimensionality 
of M is equivalent to the vanishing of A'^t2{X) for some n > 0, where 
t2{X) is the transcendental part of h{X). This follows from the exis- 
tence of a refined Chow-Kiinneth decomposition for the motive h{X) 
of a surface 

h{x) = 1 e /ii(x) © hligix) e t2{x) e h^{x) © V 

where 1 is the motive of a point and L is the Lefschetz motive, (see 
[KMP]). In the above decomposition all the summands, but possibly 
t2{X), are finite dimensional because they lie in the subcategory of 
A4rat{k) generated by abelian varieties. Therefore the information nec- 
essary to study the above conjecture for a surface X is concentrated in 
the transcendental part of the motive t^iX). More precisely, according 
to Murrc's Conjecture (see [Mu]), or equivalently to Bloch-Beilinson's 
conjecture ( see [J]) and to Kimura's Conjecture the following results 
should hold for a surface X 

(a) The motive t2{X) is evenly finite dimensional; 

(b) h{X) satisfies the Nilpotency conjecture , i.e every homologically 
trivial endomorphism of h{X) is nilpotent ; 

(c) Every homologically trival correspondence in CH'^{X x X)q acts 
trivially on the Albanese kernel T{X); 



ON THE FINITE DIMENSIONALITY OF A K3 SURFACE 



3 



d) The endomorphism group of t2{X) (tensored with Q) has finite 
rank (over a field of characteristic 0) . 
By a result of S.Kimura in [Ki] , (a) implies (b). 

If X is a complex surface of general type with Pg{X) = , Bloch's 
conjecture asserts that Aq{X) ~ Q. Then 

(a) ^ ^o(^) = Q ^ t2{X) = 

(see [G-P]). 

A case where all the above conjectures are still unknown is that of a 
complex K3 surface which is not a Kummer surface. 
The aim of this paper is to prove some results about the finite dimen- 
sionality of h{X) in the case X is a K3 surface over C. 
Note that a result by Y.Andre' in [A 10.2.4.1] implies that the motive 
of a K3 surface is isomorphic to the motive of an abelian variety in a 
suitable category of motivated motives. Under the standard conjecture 
B{X) this category coincides with Aihom (sec [A p. 100]. Therefore 
Andre's result suggests that the Chow motive of every K3 surface can 
be expressed in terms of the motives of abehan varieties. 

In §2 we consider the case of a projective surface X with an involution 
a and the dcsingularization Y of the quotient surface X/ < a >. Corol- 
lary 1 gives necessary and sufficient conditions on a for the existence 
of an isomorphism t2{X) ~ tiiX) and for t2{Y) = 0. In particular this 
result applies to a complex surface of general type X with Pg{X) — 
and an involution a for which t2{y) = 0. 

In §3 we apply the results in §2 to the case of a complex K3 surface 
X with an involution a. If a is symplectic , i.e cr is a Nikulin involution., 
then the finite dimensionality of h{X) implies the isomorphism h{X) ~ 
h{Y), see Theorem 3. If the rank of the Neron- Severi group of X is 
19 or 20, then h{X) is finite dimensional (Theorem 2) . If o" is not 
symplectic then t2{Y) = with Y = X/ <a >, hence t2{X) ^ t2iY), 
see Remark 3. If a K3 surface X has a non- symplectic group acting 
trivially on algebraic cycles then the motive of X is finite dimensional 
( Corollary 2). Note that, in all the cases where we can show that 
the motive h{X) of a K3 surface is finite dimensional, h{X) lies in the 
tensor subcategory of A^rat(^) generated by abelian varieties. 
In §4 , using the results in [VG-S], we describe several examples of 
K3 surfaces , with a Nikulin involution i and Picard rank 9, such that 
t2{X) ~ t2(Y). We also show (see Theorem 7) that the same result 
holds if the K3 surface X has an elliptic fibration X ^ with a 
section. This gives some evidence to Kimura's conjecture for a K3 
surface with a symplectic involution. 
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2. Surfaces with an involution 

In this section we prove some results on the transcendental part 
t2{X) of the motive of a surface X,with an involution a. 

We first note that, if X is a smooth projective variety over a field k, 
and G is a finite group acting on X, then the theory of correspondences 
can be extended to Y = X/ G, if one uses rational coefficients in the 
Chow groups ( see [Fu 16.1.13]). In particular this holds if G =< cr >, 
where a is an involution. 

Let X be a smooth irreducible projective surface (over any field k) with 
a refined Chow-Kiinncth decomposition X]o<i<4 ^«("'^) where h2{X) ~ 
h2%X)+t2{X) and t2{X) = {X,7ri\0), see~[KMP 2.2]. Here 



^2 [X)^ 2^ f^2 



l<h<p ^ 

where {Dh} is an orthogonal basis of NS{X)<^Q, and p — rank NS{X). 
The map 

(1) : A\X X X) ^ EndMrMX)) 

defined by ^x(r) — tt^'' o F o 7r2'' yields an isomorphism (see [KMP 4.3]) 

A\X X X)/J{X) ~ EndMrJt2{X)) 

where J^{X) is the ideal of A^lX x X) generated by the classes of 
correspondences which are not dominant over X by either the first 
or the second projection. Let k{X) be the field of rational functions 
and let T{Xk(^x))) be the Albanese kernel of X^^x), i-e the kernel of the 
Abel-Jacobi map Ao{Xk{x)) Albx{k{X)(^Q. Let tx : A'^{XxX) 
T{Xk(x)) be the map 

Tx(^) = (7rroZo7rr)(0 

with ^ the generic point of X. Then tx induces an isomorphism (see 
[KMP 5.10]) 

-n<l II J {^k{X)) 

Here H<i is the subroup of Ao(^fc(x)) generated by the subgroups 
Aq{Xl), where L runs over the subfields of k{X) containing k and which 
are of transcendence degree < 1 over k. If q{X) — then X has no odd 
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coliomology, Albx{k) = and in the Chow -Kiinneth decomposition 
we have hi{X) = hiX) = 0. Therefore Ao{Xk{x))o = T{Xk(x)) and 
T{X) = Ao{X)o, where Ao{X)o is the group of 0-cycles of degree 0. By 
[KMP 5.10 ] we have 

H^,nT{Xk^x))^T{X) 

Hence , for a surface X with q{X) — 0, the map tx yields an isomor- 
phism 

A(^fc(X)) 



(2) EndM^JhiX)) 



MX)) 



where the class [^] in ^^^^^x))^'' '^^ generic point [^] oi X corresponds 
to the identity of the ring EndMrati^'iiX)) 

The definition of the map ^'x in (1) can be extended to the case of two 
smooth projective surfaces X and X' as in [KMP 7.4] 

: A\X X X') ^ HomM..AHX)M{X')) 

and the following functorial relation holds 

(3) ^x,x" (r' o r) = (r') o ^>x,x' (r) 

where X, X',X" are smooth projective surfaces, F G A^{X x X') 
and r' G A^[X' x X"). The proof of (3) immediately follows by 
taking refined Chow-Kiinneth decompositions of the motives h{X) , 
^(X') , /i(X") and writing the elements in HomMrat{h{X), h{X')), and 
Homj^4^^^{h{X'), h{X")) as lower triangular matrices defined by these 
decompositions, as in [KMP p. 163]. Applying \E' corresponds to taking 
appropriate diagonal entries of such lower triagular matrices. 

Lemma 1. Let X and Y are smooth projective surfaces and let f : 
X ^ Y be a finite morphism.Then f induces homomorphisms : 
EndMrMX)) ^ EndMrMY)) and f* ■ EndurMY) ^ Endu^MX). 

Proof. The maps ^x ■ A\XxX) EndMraAH^)) and : A\Y x 
Y) — >■ EndMrat{t2{Y)) give rise to the following commutative diagram 

^ J{X) > A-'iX X X) EndMrMX)) > 

(/x/)* i 

0^ > A\YxY) EndMrAhiY)) > 

(/X/)* / 

^ J(X) > A\X X X) EndMratMX)) > 



6 



CLAUDIO PEDRINI 



where the map (/ x sends a correspondence Z G A^{X x X) to 
r/oZoFj and the map / x /)* sends a correspondence Z' e A?{Y Y) 
to o Z' o F/. It is easy to see that these maps send the ideal J7'(X) 
to J{Y) and J{Y^ to J{X.^ respectively, thus yielding the diagram 
above. □ 

Proposition 1. Let X be a smooth projective surface with an invo- 
lution cr, such that the quotient surface Y = X/ < o" > is smooth. 
Let ^ denote the generic point of X,ri the generic point of Y and let 
[e] = ^x(Ax) e EndMUHX)), M = vl>y(Ay) e EndMraMY)). 
Set a = X a)Ax = *x(r^) = ^{[C])- Then the map f : X ^ Y 

(i) l/2(F; o F}) = Ay, M^]) = Ma) = and {af = [^]. 

(ii) f (M) = [e] + « and f*im]) = 2[e] + 2a. 

(iii) Letp= l/2(F}oF/); then pop = p, *x(p) = l/2([^] + a) and 
*x(Ax - p) = l/2([^] - a).Hence [C] = l/2([^] + a) + l/2([^] - a). 

Proof. Regard the diagonals Ax and Ay as cycles in A^i^X x X) and 
A^iY xY)). Then /,([^]) is the image under *y of F/ o F} = 2 Ay. 
Thus M[^]) = 2*y(Ay) = 2[ri] and we also have 

pop = (l/4)F}o (2Ay) oF/ = l/2(F}oF/) = p 

Since a is the image of (1 x a) Ax , and (1 x a) Ax ■ (1 x a)Ax) — Ax 
we have = [^]. Since F/ ■ (1 x a) Ax = T/j the correspondence 
(1 X a) Ax also maps to Ay, so /*(«) = 2[r]]. This establish (i) and (ii) 
follows immediately. Part (iii) follows from (ii) and po p = p. □ 

Let X be a smooth projective surface and let a be an involution on 
X. Let k be the number of isolated fixed points of a and let D the 
1-dimensional part of the fixed-point locus. The divisor D is smooth 
(possibly empty). Let X be the blow-up of of the set of isolated fixed 
points . Then the involution a lifts to an involution on X (which we will 
still denote by a). The quotient Y = X/ < a > is a. desingularization 
of X/ < a >. Y has k disjoint nodal curves Ci, • • • ,Cfe. The map 
X — > X/ < a > induces a commutative diagram 

X ^ X 
f 

Y > X/ <a> 
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Since t2{—) is a birational invariant for smooth projective surfaces the 
maps /3 : X ^ X and f : X induce a morphism 

e:h{X)=t2{X)^t2{Y) 

Corollary 1. Let X, X ,Y be as in the diagram above. Then 
(i) 9 : t2{X) t2{Y) is the projection onto a direct summand. 
(a) 6 is an isomorphism iff'^xi^a) — idt^^x)) i-^ 'i'ff ^{[^]) — [^] 

(Hi) If q{X) — the conditions of (ii) are equivalent to Aq{X)q — 
Ao{X)o. 

(iv) t2{Y) = ^ ^x{T,) = -tdt.^x) ^ am) = -[C] ^n 
EndMrati^'ii^) ■ U q{^) — this is equivalent to Ao{X)q — 0. 

Proof. Since ^'^jf(r^) is an isomorphism and ^ = y(r/)o\l>-^^^(r^)~^ 

it is enough, after replacing X by X, to prove the Corollary under the 

assumption X = X. Then 6 = \E'x,y(r/)- From Proposition 1 we get 

that Tf has a right inverse 1 /2(r^) and 2p = T^foTf = Ax+(1 xcr) Ax = 

Ax + Tcr. It follows from the functoriality of ^ in (3) that , if t2{X)~^ 

and t2{X)^ are the direct summands of t2{X) on which the involution 

^xi^cr) acts respectively as +1 or —1, then the restriction of 9 to 

t2{X)~ is and to t2{X)~^ is an isomorphism. This gives (i). 

Also 9 is an isomorphism iff t2{X)~ = which is equivalent to "^xi^a) 

being the identity in EndMraA'^ii.X)). This gives (ii). 

If q{X) = then Aq{X)q = T{X) and we have a canonical isomorphism 

HomM^A'^MX))^A^{X), 

which is compatible with the action of correspondences. Hence , by 
taking the action of '^xij^a) on t2{X we get 

HomMr^MiX)-) ^ Ao{X)^ 

Therefore xiXa) acts as the identity on t2{X) iff Aq{X)q = Ao{t2{X)~) — 
0. Since Ai{t2{X)) = for i 7^ 0, we have Ai{M) = for all i, where 
M = t2{X)-. It follows that M = (see [C-G Lemma 1]. This proves 
(iii). 

Clearly t2{Y) = is equivalent to a^]) = -[^] E EndMratihiX)). 
Since the cycle class [^] corresponds to the identity of EndMraX^^iX)) 
under the isomorphism in (2), ^x^Xa) acts as —1 on t2{X). Let q{X) = 
: then , by the same argument as in the proof of (iii) we get Aq{X)q — 
0. This gives (iv). □ 

F.Severi in [Sev] has introduced the notions of valence and indices 
of a correspondence T e A"(X x X), where X is a smooth projective 
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variety of dimension n . In the case when X is a surface, Severi related 
these notions to the computation of the degree of the cycle T ■ Ax- 

Definition 1. Let X be a smooth projective variety of dimension n. 
A correspondence T e A^{X x X) has valence if it belongs to the 
ideal of degenerate correspondences , i.e the ideal generated by corre- 
spondences of the form [V x W], with V, W proper subvarieties of X. 
A correspondence F has valence v if T = T + vAx has valence 0. If 
T = Ti + in A'^iX x X) and Ti, have valences Vi, V2 then T has 
valence Vi + V2 ■ If the correspondences T and T' have valences v and 
v' then v{T o T') = —v{T) ■ v{T'); see[Fu 16 1.5.]. It follows that if , p 
is a projector in A^^X x X) which has a valence, then v{p) is either 
or -1. 

The indices of a correspondence T arc the numbers a{T) = deg{T ■ 
[P X X]) and /3(T) = deg{T ■ [X x P]), where P is any rational point on 
X; see [Fu, 16 1.4]. The indices are additive in T and /3(T) = a(T*). 

Theorem 1. Let X be a smooth projective surface with an involution 
a and let Y be the desingularization of X/ < a >. Assume Pg{X) > 
and let Ffj = {1 X (j)Ax) ■ If the correspondence has a valence, then 

t2{Y) = ^ v{V,) = 1- 6: t2{X) ^ t2{Y) ^ v{T^) = -1 

Proof : Let [^] = l/2{[^] + a) + 1/2 ([^] - a) be the splitting in 
EndMraA'^'ii.X)) coming from Proposition 1, with o; = ^([^]) = ^x^Xo)- 
If the correspondence T„ has a valence then also the projector p — 
l/2(Ax + (1 X (t)Ax) = l/2(Ax + F,^) has a valence and v{p) is either 
or -1. Since v{Ax) = —1 we have 

v{p) = ^ v{V„) = 1 ; v{p) = -1 ^ v{V„) = -1 

Suppose v(V) = 1 : then v{p) = Oi.ep belongs to the ideal of degenerate 
correspondences , which is contained in Ker \E'x. From ^'x(p) = we 
get l/2([e] + ^'x(r.)) = hence *x(r.) = -idt.ix)- From Corollary 
(iv) we get t2{Y) = 0. Conversely if t2{Y) = 0, then *x(ro-) = -idt^i^x) 
hence ^x(p) = and we get v{p) = 0. 

If 6 : t2{X) — 7> t2{Y) is an isomorphism then, by Corollary 1 (ii) 
^x(Fo-) = idt2(x)- By the same argument as before we get v{T^) ~ 
-1. □ 

Remark 1. The assumption Py{X) > in Theorem 1 is necessary in 
order to have a uniquely defined valence for F^r. li pg{X) = Q and X 
satisfies Bloch's conjecture then , by the results in [B-S] , f (Ax) = 0, 
hence the correspondence Ax has 2 different valences; namely and 
— 1. Note that, for a surface X, a correspondence F can have 2 different 
valences v and v' only if Pg{X) — .This was first observed by Severi 
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in [Sev p. 761]). In fact then the multiple {v — v') of the diagonal Ax 
belongs to the ideal of degenerate correspondences and this implies 
that ^x(^x) = in End^^^^{t2{X)) . Therefore the identity map is 
in End_Mrat{'t2{X)- Hence t2{X) = and this may occur only if 
p,{X) = 0. 

3. Complex K3 surfaces 

A smooth (irreducible) projective K3 surface X over C is a regu- 
lar surface (i.e q{X) = 0), therefore it has a refined Chow-Kiinneth 
decomposition ( see [KMP 2.2]) of the form h{X) = X]o<j<4 ^*("^) 
with hi{X) = hsiX) = 0. Moreover h2{X) = h^^X) + t2{X), where 
t2{X) = {X, TT*'-, 0) and hf<^{X) ~ L®''W. Here p{X) is the rank of the 
NS{X)ci = iPicX)Q so that 1 < p < 20. Moreover 

H\t2{X)) = fort ^2; H\t2{X)) = ttI^H^X, Q) = HUX, Q), 

A{t2{X)) = 7r*M,(X) = fort ^2; AoMX)) = T{X), 

where T{X) is the Albanese Kernel. Since q{X) = 0, we also have 
T{X) = Ao{X)o (0-cycles of degree 0) and 

dimH^(X) = b2(X) = 22 ; dimHl(X) = b2{X) - p 

A Nikulin involution i of a complex K3 surface X is a symplectic au- 
tomorphism of order 2 , i.e such that i*u) = cu for all u G H'^''^{X). 
A K3 surface X with a Nikulin involution has rank p{X) > 9 .The 
Neron-Scveri group NS{X) contains a primitive sublattice isomorphic 
to Es{—2) where Es is the unique even unimodular positive defined 
lattice of rank 8 (see [Mor p. 106]). Here, if L is a lattice and m is an in- 
teger, L(m) denotes same free Z-modulc L with a form which has been 
altered by multiplication by m, that is h^m){x^ y) = m{bL{x, y)), where 
bL{x,y) is the Z- valued symmetric bilinear form of L. By Tx we will 
denote the transcendental lattice of X, i.e Tx = NS{X)^ C H^{X, Z). 
For any K3 surface with a Nikulin involution i there is an isomorphism 

H''{X, Z) ~ C/^ ® Esi-l) © Es{-1) 

where U is the hyperbolic plane, such that i* acts as follows 

i*(u,x,y) = (u,y,x) 

The invariant sublattice is H^{X, ~ U^(BEs{-2) and {H\X., Z)')^ ~ 
Eg (-2). Since i*uj = uo for all u G H'^'^{X) we also have (//^(X, Z)^)^ C 
NS{X) ( see [VG-S 2.1]). Therefore the involution i acts as the identity 
oni/2(X,Q). 

Let X X/ < i > be the quotient map. The surface X/ < i > 
has 8 ordinary double points Qi, - ■ ■ , corresponding to the 8 fixed 
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points Pi, • • • ,Ps of the involution i on X. The minimal model Y of 
X/ < i > is a K3 surface, hence Pg{Y) > 0. In the following we will 
always consider the standard diagram for a K3 surface with a Nikulin 
involution i (see [Mor sec. 3]) 

X ^ X 

f 

Y > X/ <i> 

X is the blow up of X at the points Pi, ■ ■ ■ , Pg with exceptional di- 
visors /3~^{Pj) = Ej. The Nikulin involution extends to an involution 
i on X and Y — X / < i >. / is a double cover branched on the 
divisor X^k^xsQ where Cj — f{Ej) are disjoint smooth irreducible 
rational curves corresponding to the points Qi,--- ,Qs. Therefore 
l/2(^^ Cj) G NS(Y). The map /* o (3* induces an isomorphism of 
rational Hodge structures 

T;^ ® Q ~ Tx ® Q ~ Ty ® Q 

where Tx and Ty arc the transcendental lattices . In particular the 
vector spaces Hf^{X,Q,) and Q) have the same dimension, so 

that 22-p{X) = 22-p(y). 

Suppose conversely that a K3 surface Fadmits an even set of k 
disjoint rational curves Ci,-- - ,Cfe : this means that there exists a 
S e PicY such that 

Ci + • • • + Cfe ~ 25 

This is equivalent to the existence of a double cover X of y branched 
on Ci + ■ ■ ■ + Cfc. Then, by [N 1] , = 0, 8, 16. If A; = 16 then X 
is birational to an abelian surface A and Y is the Kummer surface of 
A. Therefore the motives h{X) and h{Y) are finite dimensional and 
t2iA) ~ t2{X) ~ t2{Y) (see [KMP 6.13]). If A; = 8 then X is a K3 
surface , Y is the dcsingularization of the quotient of X by a Nikulin 
involution i. Hence F is a K3 surface. 

Theorem 2. Let X be a smooth projective K3 surface over C with 
p{X) — 19,20. Then the motive h{X) e Alrat(C) is finite dimensional 
and lies in the subcategory of M.rat{^) generated by the motives of 
abelian varieties. 

Proof. By [Mor 6.4] X admits a Shioda-Inose structure, i.e there is 
a Nikulin involution i on X such that the dcsingularization Y of the 
quotient surface X/ < i > is a Kummer surface, associated to an 
abelian surface A. Hence h{Y) is finite dimensional. The rational map 



ON THE FINITE DIMENSIONALITY OF A K3 SURFACE 



11 



f : X induces a splitting t2{X) ~ t2{Y) © A^. Since t2{Y) is finite 
dimensional we are left to show that N — . Prom Corollary 1 the 
vanishing of N is equivalent to ylo(X)o = Aq{X)q. By [Mor 6.3 (iv)] 
the Neron -Severi group of X contains the sublattice Eq{—1)'^ . Hence 
by the results in [Huy 6.3 , 6.4], the symplectic automorphism i acts 
as the identity onAo(X). Prom Corollary 1 we get t2{X) = t2{Y). By 
[KMP 6.13] t2{Y) — t2{A); therefore h{X) is finite dimensional and 
lies in the subcategory of A4rot(C) generated by the motives of abelian 
varieties. □ 

Remark 2. Note that by [Mo 2.10 (i) ,4.4(i)] there exist K3 surfaces 
with p{X) = 19, 20 which are not Kummer surfaces. 

Next we show that for every K3 surface with a Nikulin involution 
the finite dimensionality of h{X) implies h{X) ~ h{Y). 

Lemma 2. Let X be a K3 surface over C with a Nikulin involution 
iand let Y he a desingularization of the quotient surface X/ < i >.Let 
e(— ) he the topological Euler characteristic . Then we have 

e(X) + i + 2 + 2A; = 2e{Y) 

where t is the trace of the involution i on H^{X, C) and k — 8 is the 
numher of the isolated fixed points of i. Therefore p{X) — p{Y) and 
t^6 

Proof. : We use the same argument as in [D-ML-P 4.2] . Since i has 
only isolated fixed points from the topological fixed point formula we 

get 

e{X)+t + 2 = 2e{Y) -2k 

Since X and Y are both K3 surfaces we have e(X) = e{Y) = 24. 
Therefore, we get t = 6. Since dim H*i{X) = dim H^^{Y) and 62 (^) = 
h2{Y) = 22, we have p{X) = p{Y) □ 

Theorem 3. Let X he K3 surface with a Nikulin involution i. If h{X) 
is finite dimensional then h{X) ~ h{Y) . 

Proof, y is a K3 surface and we have t2{X) — t2{X) because t2{—) is 
a birational invariant for surfaces.Also 

Hl{X) Hl{X) Hl{Y) 

because the Nikulin involution acts trivially on Hl^X). Let t be the 
trace of the involution a on the vector space H^{X, C). Prom Lemma 2 
we get t = 6. The involution i acts trivially on Hf^{X) and Hfj.{X) is a 
subvector space of H'^{X, C) of dimension 22— p. Therefore the trace of 
the action of i on NS{X)®C equals p — 16 . Since the only eigenvalues 
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of an involution are +1 and -1 we can find an orthogonal basis for 
NS{X) ® C of the form Hi,--- H^] Di,--- Dg, with r = p - 8 > 1 such 
that it,{Hj) = Hj and i*{Di) = —Di. Then NS{X) C has a basis of 
the form Ei, - - - Eg; Hi, ■ ■ ■ H,.; Di, ■ ■ ■ Dg, where Eh , for 1 < h < 8 are 
the exceptional divisors of the blow up X — )■ X. The set of r + 8 = p 
divisors f^{Eh) = C^, for 1 < /i < 8 and f^{Hj) Hj, for 1 < j < r 
gives an orthogonal basis for NS{Y)®Q. Since q{X) — q{Y) — q{X) — 
we can find Chow-Kiinneth decompositions for h{X), h{X) and h{Y) 
of the form 

h{X) = 1 © /i2^^(X) © t2{X) © ~ 1 © L®" © t2{X) © 
h{X) = 1 © h^^'iX) © t2{X) © L2 ~ h{X) © L®8 

h{Y) = 1 © ht^%Y) © t2{Y) © ~ 1 © L®'' © t2{Y) © V 

where p{X) = p{Y) = p. By Corollary 1 we have t2(X) ~ ial^) © N 
for some X G Airat- Since is finite dimensional also N is finite 

dimensional. Since H{X) and H(Y) arc isomorphic as graded vector 
spaces H{N) = 0. By [Ki 7.3] N = 0. Therefore h{X) ~ h{Y). □ 

Theorem 4. Let X be a K3 surface with a Nikulin involution i. Then 
the following conditions are equivalent: 

(i) the correspondence Fj = (1 x i)Ax) has a valence. 

(it)e:t2{X)^t2{Y). 

(iii) im) = [e] inEndM.Jt2{X). 

(iv) i acts as the identity on Aq[X)q 

Proof. Let 

Ax = l/2(Ax + (1 X i) Ax) + l/2(Ax - (1 x i) Ax) 

as in Proposition 1 and let Fj = (1 x i)Ax. If F, has a valence then 

also the projector q = l/2(Ax — (1 x '^)Ax) has a valence and v{q) 
is either or -1. Suppose that f(l/2(Ax — (1 x i)Ax)) = —1; then 
the correspondence (1 x i)Ax) has valence 1. From Theorem 1 we get 
^2((^) = hence a contradiction because y is a K3 surface. Therefore 
v(l/2(Ax - (1 X i)Ax)) = 0, so that v{l x i)Ax) = v{Ax) = -1. By 
Theorem 1 9 : t2{X) — )■ t2{Y) is an isomorphism. Therefore (i) =^ (ii). 
Conversely if 9 : t2{X) t2{Y) then by Corollary 1 (ii) ^'x(Ax - 
Fj) = 0, hence Ax — Fj e Ker ^x- Since q{X) = Ker ^'x is coincides 
with the ideal of degenerate correspondences. This proves (i). 
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The equivalences {ii) 4^ {in) and {in) 4^ {iv) come from Corollary 
1. □ 

Remark 3. Let a is an involution on a K3 surface X which is not 
symplectic, i.e o'*{uj) — —ou, where a; is a generator of the vector space 
H^'^{X). By [Zh 1.2 ] ii = dl the quotient surface Y = X/ < a > 
is an Enriques surface, while F is a rational surface if X"' ^ 0. In any 
case the motive h{Y) has no transcendental part. Therefore t2{Y) = 
and t2{X) 7^ h{Y): because t2{X) 7^ for a K3 surface. Prom the 
identity in EndMrati't2iX) 

[^] = i/2{[^]+m) + ym]-m) 

we get 

m^]) = -[e] anrf [e] ^ -[^] tnEndM^Jh{X) 

because otherwise we would get t2{X) = 0. Hence Theorem 4 does not 
hold true. 



Following the example in Remark 3 we now consider the case of 
a complex K3 surface X with a non-symplectic group G acting triv- 
ially on the algebraic cycles. Any automorphism g oi X preserves 
the 1-dimensional vector space — H'^{X,n'j^) ~ Co;. Hence g 
is non-symplectic iff there exists a complex number a{g) 7^ 1 such 
th.aig*{uj) = a{g)u. Let NS{X) and Tx be the lattices of algebraic and 
transcendental cycles on X. X is said to be unimodular if det Tx = ±1. 
Let Hx be the finite cyclic group defined as the kernel of the map 
Aut{X) 0{NS{X)), where 0{NS{X)) denotes the group of isome- 
tries of NS{X). Then there are only finitely many values for m — \Hx\- 
By [LSY Th. 5] one has the following result. 

Theorem 5. Let X be a complex K3 surface X with a non-symplectic 
group G acting trivially on the algebraic cycles. Let m = \Hx\ 7^ 3 .■ 
then there exists a surjective morphism Fn X, where Fn C P'^ is the 
Fermat surface, of degree n > 4 

Fn : Xg" + + X2" + X^ = 

Here n = m if X is unimodular and n = 2m, if X is not unimodular. 

Corollary 2. Let X be a complex K3 surface with a non-symplectic 
group G acting trivially on the algebraic cycles. Let m = \Hx\ 7^ 3. 
Then the motive of X is finite dimensional and lies in the subcategory 
of A4ratiC) generated by the motives of abelian varieties. K3 surfaces 
satisfying these conditions have p{X) — 2, 4, 6, 10, 12, 16, 18, 20. 
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Proof. From Theorem 5 there is surjective morphism ^ X ,with 
Fn a Fermat surface. By [SK] the motive is finite dimensional 

and hes in the subcategory of Airat{C) generated by the motives of 
abehan varieties. By [Ki 6.6 and 6.8] if / : Z — )■ X is a surjective mor- 
phism of smooth projective varieties, then h{X) is a direct summand 
of Therefore h{X) is finite dimensional and hes in the subcate- 
gory of Airat{C) generated by the motives of abelian varieties. The 
computation of the rank p{X) appears in [LSY Th. 1 and Th. 2] . □ 

4. Examples 

In this section we describe some examples of K3 surfaces with a 
Nikulin involution i , such that t2{X) ~ ^2(^)- Hence h{X) ^ h{Y). 
We will use the classification given by Van Geemen and Sarti in [VG-S] 
and by Garbagnati and Sarti in [G-S]. Their results are based on the 
following Theorem. 

Theorem 6. ([VG-S 2.2]) Let X he K3 surface with p{X) ^9 and a 
Nikulin involution i. Let L he a generator of E^{-~2)^ C NS{X) with 
L'^ — 2d > which we may assume to be ample. Let 

A2d^ZL®Es{-2) 

Then, if L"^ = 2 mod 4, we have Asd = NS{X). // = mod 
4 we have either NS{X) ~ or NS{X) ~ A^. Here A^j is the 
unique even lattice containing A2d with A^g/ A2d — Z/2Z and such that 
Es{—2) is a primitive suhlattice of Aj^. For every F = A2d, with d > 
or F = A^^ with d = 2m > 0, there exists a K3 surface with a Nikulin 
involution i such that NS{X) = F and {H^X, Z)')^ ~ E8{-2). 

Let's consider the following cases described in[VG-S]: 

(i) X is a double cover of branched over a sextic curve and Y a 
a double cover of a quadric cone in P^; 

(ii) X is a double cover of a quadric in P^ and Yis the double cover 
of P^ branched over a reducible sextic; 

(iii) the image of X under the map $l is the intersection of 3 quadrics 
in P^ and F is a quartic surface in P^. 

First we 1 show that in the cases (i),(ii)and (hi) the map f : X 
induces an isomorphism 

t2{X) ~ t2{Y) 

Then, in Theorem 7 we prove that the same result holds ii g : X ^ 
P^ is a general elliptic fibration with a section and also Y is an elliptic 
fibration. 
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In the case (i) NS{X) ~ ZL © Esi-2), with = 2 and i*L ~ L 
(see[VG-S 3.2]). The map $l : X ^ is a double cover branched 
over a scxtic curve C and X/ < i > is a double cover of a quadric cone 
in P^. Let a denote the covering involution on X. Then a ^ i. The 
quotient surface Y = X/ < a > is isomorphic to P^. Let j = a o i = 
io a and let G —< l,cr, i,j >~ Z/2Z x Z/2Z. The quotient surfaces 
P^ = X/ < a > and S = X/ < j > are both rational, because S is 
a Del Pezzo surface of degree l(see [VG-S 3.2]). The motives /i(P^) 
and h{S) have no transcendental part. Therefore t2{X) ^ t2{Y) and 
t2{X) ^ t2{S), because t2{X) 7^ for a K3 surface. Prom the identities 
in EndMratihiX)) 

[e] = i/2([e] + a([e]) + i/2([e]-a([e]) 

we get , by Corollary 1 (iv), [e]+a([e]) = [Q+Jm) = m EndMrMX)). 
We have 

*(r,) = X i)Ax) = xaoj)Ax) = ^'(r,,,) 

Therefore the class of i([C]) in EndMrat{h{X)) equals ct([C]) ° i([C]) — 
= ([C])' = [C] because [C] is the identity of (is (^)). 

Hence 

m)-[^] = Otn EndMr.Ah{X)) 
From Corollary 1 (ii) we get 9 : t2{X) — ^ t2{Y). 

The proof for (ii) is similar to the previous one. In this case the lattice 
ZL © Es{-2) has index 2 in NS{X and we may assume that NS{X) 
is generated by L, Es{—2) and Ei — {L + v)/2, with v e £'8(— 2), such 
that v'^ = —4. Then Ei and £'2, where E2 — {L — v)/2, are the classes 
of 2 elliptic fibrations. The map 

$L : X ^ P=^ 

is a 2:1 map to a quadric Q in P^ and it is ramified on a curve C 
of bidegree (4,4) ([VG-S 3.5]). The quadric Q is smooth, hence it 
is isomorphic to P^ x P^. The covering involution a : X ^ X oi 
X ^ Q and the Nikulin involution i commute, the elliptic pencils Ei 
and E2 are permuted by i because i*L — L and i*v — —v. i induces an 
involution on Q ~ P^ x P-*^ which acts sending a point {(s, t), (u, v)} 
to {{u,v), {s,t)} . The quotient Q/ < ig > is isomorphic to P^. Let 
j = ioa = a oi in Aut {X) and let G = {l,a,i,j} ~ Z/2Z x Z/2Z. 
S ^ X/ < j > is a Del Pezzo surface of degree 2, by [VG-S 3.5]. The 
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motives h{Q) and h{S) have no transcendental part, hence from the 
same argument as in (i), we get an isomorphism t'2,{X) ~ t2{Y). 

We now consider the description given in [VG-S 3.7] of (iii). Let Y be 
the desingularization of the quotient surface X/ < i > . In this case 
there is a hue bundle M e NS{Y) such that (3*L ~ f*M and 

H'^{X, L) ~ fiH^iV, M)) e fiH^iY, M - C)) 

where /3 : X — )■ X is the blow-up at the 8 fixed points Pi,P2, ■■■Pg of 
i, f : X ^ Y and C = (Ei<i<8^i)/2 e NSiY), with d the rational 
curves on Y corresponding to the 8 singular points Qi, - ■ ■ ,Qs of Xj < 

1 >. The above decomposition is the decomposition of H^{X,L) into 
the i* eigenspaces. We have = 8, = 4, h\M) = 4, h\M-C) = 

2 so that 

The image of X under $i is the intersection of 3 quadrics in and 
the involution i is induced by the involution 

: {xo, xi, X2, X3, Uo, yi) {xo, xi, X2, X3, -Uo, -yi) 

The fixed points (Pi, P2, ■■■Ps) lie in X fl {yo — yi — 0}. The quadrics 
in the ideal of X are of the form 

Z/o = Qi(x),yoyi = Q2(x),yl = Qsix) 

where x — {xq, xi, X2, X3). The line 

I : xq — xi — X2 — X3 — 

in P^ is fixed under i and I D X — 0.The image of y by $m is the 
projection of X from the invariant line to the invariant P^ which is 
defined by yo — yi — 0. The image is the quartic surface in P^ defined 

by 

Qi{x)Q3{x)-Ql{x)^0 
which can be identified with Y. 

We now use a result in [Vois 1.18] : if X is the K3 surface obtained 
as the intersection of 3 quadrics in P^ which are invariant under the 
involution 

i : {xo, xi,X2, xs, Vo, yi) -> (a;o, xi, X2, X3, -yo, -yi) 

then = 00 for u G H'^'^{X) and i acts trivially on Aq{X). There- 

fore, by Corollary 1 (iii) we get an isomorphism 9 : t2{X) t2{Y). 

Next we consider the case of a K3 surface X which has an elliptic 
fibration g : X ^ Y*^ with a global section cr : P^ — > X. The set of 
sections of g is the Mordell-Weil group MWg with identity element a. 
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MWg is the subgroup of Aut X consisting of all automorphism acting 
on a general fiber as translations and these translations preserve the 
holomorphic two form on X. Therefore, if there is an element r of 
order 2 in MWg then the translation by r defines a Nikulin involution 
i on X. 

Theorem 7. Let X a general elliptic fibration g : X ^ with sec- 
tions a, T as above. Let i be the corresponding Nikulin involution on 
X and let Y be the desingularization of X/ < i >. Then the map 
/ : X — >■ X/ < i > induces an isomorphism 

e:t2{X)^t2{Y) 

Proof. In [VG-S 4.2] it is shown that for a general elliptic fibration 
g : X ^ T*^ there is an isomorphism MWg — {cr, r} ~ Z/2Zwhere 
(T : — )■ X . Hence the translation by r defines a Nikulin involution 
i on X. The Weierstrass equation of X can be put in the form 

X ^ x{x^ + a{t)x + h{t)) 

where the degree of a{t) and h{t) are 4 and 8 respectively. There are 8 
singular fibers of type Ji, which are rational curves with a node, corre- 
sponding to the zeroes {ai, • • • , a^} of a^it) —Abif) and 8 singular fibers 
of type /2, which are union of two meeting in 2 points, correspond- 
ing to the zeroes {&i, • • • , fcs} of b{t). The fixed points of the translation 
by r are the 8 nodes in the /i-fibers. r acts on the generic fiber Et 
as the translation by a point P of order 2, i.e. t{Q) = Q + P with 
2P = 0. The desingularization Y of the quotient surface X/ < r > is 
an elliptic fibration with Weierstrass equatiion 

y : = x{x'^ - 2a{t)x + 9a{tf - 4b{t). 

The generic fiber Ft of Y is the elliptic curve Et/ < P >, where Et is 
the generic fiber on X. Let 

V = \Jg-\t) = \jEt 

where A — P^ — {ai, • • • , as, 6i, • • • , bg}. Then V is open in X and, for 
every point x & V, the involution r acts as translation by a point of 
order 2 on Et, so that 2t{x) = 2x. Therefore 2(1 x t){x, x) = {2x, 2x), 
for allx eV i.e. (1 x r)Ay = Ay with Ay = Ax n{V x X). We get 
(1 X t)Ax - Ax = on X 1/, hence (1 x r)Ax - Ax e J{X), with 
J{X) = Ker ^x and *x : A^{X x X) ^ EndMraMX)). Therefore 
X t)Ax) = *x(Ax) and 
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in EndMrati^iiX ) , where ^ is the generic point of X. From Corollary 
1 (ii) we get 

e:t,{X)^hiY) 

□ 

Remark 4. By [VG-S 4.1], if X is as in theorem 7 , then the Neron- 
Severi group NS{X) has rank p{X) = 10, and dim Tx,q = 12 is even. 
In this case the isomorphism of Hodge structures (pi : Tx,q — 7V,q, 
induced by the involution is an isometry. On the contrary, in the 
cases described in (i),(ii), (iii), where p{X) = 9, 0j is not an isometry. 
This follows from [VG-S 2,5] because dim Tx,q is odd. 
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